Let F be a family of graphs. Two graphs G 1 = (V 1 , E 1 ), G 2 = (V 2 , E 2 ) are said to have the same F-structure if there is a bijection f : V 1 → V 2 such that a subset S induces a graph belonging to F in G 1 if and only if its image f (S) induces a graph belonging to F in G 2 . We prove that graph H is perfect if and only if it has the {P 3 , P 3 }-structure of some perfect graph G.
Introduction
A graph G is perfect if for each induced subgraph H of G, the chromatic number of H equals the number of vertices in a largest clique of H. A conjecture of Berge, which was proved by Lovász ([8] ), states that a graph is perfect if and only if its complement is. This result is nowadays known as the Perfect Graph Theorem (PGT for short.) Berge ([1] ) also made a stronger conjecture stating that a graph is perfect if and only if it does not contain as induced subgraph the odd chordless cycle on at least five vertices or its complement. This conjecture is known as the Strong Perfect Graph Conjecture (SPGC for short.) Two graphs G 1 = (V 1 , E 1 ), G 2 = (V 2 , E 2 ) are said to have the same P 4 -structure if there is a bijection f : V 1 → V 2 such that a subset S induces a P 4 in G 1 if and only if its image f (S) induces a P 4 in G 2 . Chvátal ([2]) conjectured that a graph H is perfect if and only if it has the P 4 -structure of some perfect graph G. Chvátal called this the Semi-Strong Perfect Graph Conjecture because it is implied by the SPGC and it implies the PGT (since the P 4 is self-complementary.) Chvátal's conjecture was proved by Reed ([11] ) and this result is called the Semi-Strong Perfect Graph Theorem. We shall set prove another "semi-strong" theorem in this paper. To do this we need to introduce a definition.
Let F be a family of graphs. Two graphs G 1 = (V 1 , E 1 ), G 2 = (V 2 , E 2 ) are said to have the same F-structure if there is a bijection f : V 1 → V 2 such that a subset S induces a graph belonging to F in G 1 if and only if its image f (S) induces a graph belonging to F in G 2 . We shall say that a family F is perfection preserving if perfection of a graph depends only on its F-structure, and that the family F is complementary if F contains a graph G whenever the complement G belongs to F. The set {P 4 } is complementary and this is the reason why Reed's theorem implies the PGT. With this in mind we investigate the following question:
What are the graphs L such that the set {L, L} is perfection preserving?
Let K t (respectively, P t ) denote the clique (respectively, induced path) on t vertices. The following two theorems provide the complete answer to the above question.
Theorem 1
A graph H is perfect if and only if it has the {K 3 , K 3 }-structure of a perfect graph G. 2 Theorem 2 A graph H is perfect if and only if it has the {P 3 , P 3 }-structure of a perfect graph G.
The sets {K 3 , K 3 } and {P 3 , P 3 } are complementary and thus Theorems 1 and 2 are semi-strong. We shall see later that Theorem 1 is equivalent to Theorem 2. We can put these two theorems in a more general context within the theory of perfect graphs. To do this, we reformulate the SPGC as follows (a graph is Berge if it does not contain as induced subgraph an odd chordless cycle with at least five vertices or its complement).
Conjecture 1 (The F-Conjecture) Let F be any family of graphs. Then a Berge graph H is perfect if and only if it has the F-structure of a perfect graph G.
The SPGC obviously implies the F-conjecture. The converse is also true by the following remark. For any positive integer k, let F k denote the set of all graphs on k vertices. Clearly, any two graphs have the same F k -structure.
Remark 1 For F = F k , k ≥ 2, the F-Conjecture is equivalent to the SPGC.
Note that this remark applies only to F k and not to any F. To establish the remark, let H be a Berge graph and let G be a stable set on the same vertex-set. Then H and G have the same F k -structure. But G is perfect and so by the F-Conjecture, H is perfect.
The set F 2 contains two proper non-empty subsets: {K 2 } and {K 2 }. Thus, F 2 gives rise to two potential conjectures: the {K 2 }-Conjecture (or {K 2 }-Conjecture) is simply the trivial statement that a graph is perfect if and only if it is isomorphic to a perfect graph. The only non-empty complementary subfamily of F 2 is F 2 itself which, as we have seen, would give rise to an equivalent version of the SPGC.
The set F 3 contains four graphs: P 3 , P 3 , K 3 , K 3 ; and it has two non-empty complementary proper subsets: {P 3 , P 3 } and {K 3 , K 3 }. This gives rise to Theorems 1 and 2. Let F ′ and F ′′ be two non-empty sets that partition F k , ie. F ′ ∩ F ′′ = ∅ and F ′ ∪ F ′′ = F k . It is easy to see that two graphs have the same F ′ -structure if and only if they have the same F ′′ -structure. Thus Theorem 1 is equivalent to Theorem 2.
Let F = {L, L} for some graph L and suppose that F is a perfection preserving structure. By considering the odd chordless cycle on at least five vertices, we see that |L| ≤ 4, and if |L| = 4 then L = P 4 . Now Corollary 3 follows from Reed's theorem and Theorem 2.
In section 2, we shall discuss background results needed to prove Theorem 2 whose proof will be given in section 3; this section also contains the proof of Corollary 3. In the remainder of this section, we discuss results related to Theorem 2.
Hougardy ( [7] ) proved the F-Conjecture for F = {P 3 }. It is perhaps natural to examine the subsets of F 4 . As mentioned earlier, Reed's theorem is the F-Conjecture for F = {P 4 }. The author has shown that the F-Conjecture is true for F={paw,co-paw} ( [6] ) and F = {C 4 , C 4 } ( [5] ). (A paw is the graph with vertices a, b, c, d and edges ab, bc, cd, bd, a co-paw is the complement of a paw.) We note that the results described here are independent of each other: no result implies another one.
To conclude this section, we note that Remark 1 points out a posssible way of proving the SPGC which is to show that the F-Conjecture holds for some family F of graphs and then to show that every Berge graph H has the F-structure of some (simpler) graph G whose perfection can be established. Perhaps some of the results described above can be used for this purpose.
Preliminaries
Before proving Theorem 2, we need introduce some definitions and background results. Let G be a graph. Then G denotes the complement of G. Let S be a set of vertices of G. G [S] shall denote the subgraph of G induced by S (for simplicity, we shall write
) S is called a star-cutset if G − S is not connected and in S there is a vertex adjacent to all other vertices of S. Let x be a vertex of G, then N G (x) denotes the set of vertices adjacent to x in G. If xy ∈ E(G) then we say that x sees y in G, else we say that x misses y in G. We use v 1 v 2 . . . v k to denote the chordless path with vertices v 1 , v 2 , . . . , v k and edges v i v i+1 for i = 1, 2, . . . , k − 1. A hole is a chordless cycle with at least four vertices. A disc is graph isomorphic to a hole with at least five vertices or its complement. An even-pair is a set of two vertices x, y such that every induced path joining x to y has an even number of edges. Two vertices x, y are anti-twins of G if each vertex z, different from x and y, sees x or y but not both.
A graph is minimal imperfect if it is not perfect but each of its proper induced subgraph is. The PGT implies that a graph is minimal imperfect if and only if its complement is. We shall rely on a number of results on minimal imperfect graphs.
Chvátal ([3] ) proved that a minimal imperfect graph cannot contain a star-cutset.
(2)
Meyniel ( [9] ) proved that a minimal imperfect graph cannot contain an even-pair.
Olariu ([10] ) proved that a minimal imperfect graph cannot contain anti-twins.
Finally, Hayward ([4] ) proved that a minimal imperfect graph must contain a C 5 , or P 6 , or P 6 .
The {P 3 , P 3 }-structure shall be referred to as the co-P 3 -structure. We shall say that a graph H has co-unique F-structure if any graph G with the F-structure of H is isomorphic to H or its complement. We shall say that a graph H has strongly co-unique F-structure it it has co-unique F-structure and any bijection between H and some graph G that preserves the F-structure is an isomorphism between H or its complement and G or its complement.
We shall need to show that odd discs have strongly co-unique co-P 3 -structure. This can be done by following the steps below (since it is a routine matter to verify these steps, we omit the proof.)
Observation 1
The only graphs with the co-P 3 -structure of the P 4 are the P 4 , C 4 , and C 4 . 2 Observation 2 The C 5 has strongly co-unique co-P 3 -structure. 2
A gem is the graph obtained by taking the P 4 and adding a new vertex that is joined to every vertex of the P 4 .
Observation 3
The gem has strongly co-unique co-P 3 -structure as does its complement. 2 Observation 4 For any integer k ≥ 6, the path P k has strongly co-unique co-P 3 -structure. 2
Observation 5 Every disc has strongly co-unique co-P 3 -structure, except for the disc on six vertices. 2
The Proof
Proof of Theorem 2. We only need prove the "if" part. Let G be a perfect graph and let H be a graph having the same co-P 3 -structure as G. We shall call a graph pertinent if it is a P 3 or P 3 . We may assume that G and H are defined on the same vertex-set in such a way that for any set X of vertices, G[X] is pertinent if and only if H[X] is. We may suppose that H is imperfect, for otherwise we are done. Since every imperfect graph contains an induced subgraph that is minimal imperfect, we may assume without loss of generality that H is minimal imperfect.
From Observation 5, and the assumption that G is perfect, we may assume that H contains no odd disc. By (5) we may assume that H or H contains a set S of vertices such that H[S] is the chordless path P k with k ≥ 6. By replacing H by its complement, and G by its complement, if necessary, we may assume that H[S] and G[S] are the P k v 1 v 2 . . . v k with k ≥ 6.
Define U H (S) (respectively, R H (S), P H (S)) to be the set of vertices outside S that see all (respectively, no, some but not all) vertices of S in H. Define the sets U G (S), R G (S), P G (S) of G in the same way.
Proof of Fact 1. By considering the P 4 's of S and Observation 3, we see that U H (S) = U G (S) and R H (S) = R G (S) (consider the complement of the gem.) Since
A pair (x, y) of vertices shall be called variant if x sees y in H but misses it in G, or vice versa. A pair of vertices is invariant if it is not variant. Proof of Fact 2. Suppose that x, y ∈ U H (S) and (x, y) is variant. Let z be a vertex in S. By Fact 1, we have zx, zy ∈ E(H) ∩ E(G). Thus the set {x, y, z} is pertinent in H but not in G, or vice versa. 2
The following fact can be proved in a similar way.
Fact 3
If x, y ∈ R H (S) then the pair (x, y) is invariant. 2 We may assume that H contains a variant pair (x, y), for otherwise H is isomorphic to G and is therefore perfect, a contradiction. Note that no variant pair can lie entirely in S. The following four results (whose proofs shall be given later) show that (x, y) cannot intersect P H (
S).
Fact 4 If x ∈ P H (S), y ∈ U H (S) then the pair (x, y) is invariant.
Lemma 1 Suppose there is a variant pair (x, y) with x ∈ P H (S) and y ∈ S. Then H or H contains anti-twins or an even-pair.
Lemma 2 Suppose there is a variant pair (x, y) with x, y ∈ P H (S). Then H or H contains anti-twins or an even-pair. Now, Fact 1 and Lemma 1 imply that (x, y) cannot have one vertex in S. Thus, Facts 2 and 3 imply that (x, y) must have one vertex in R H (S) and the other vertex in U H (S). Finally, we obtain a contradiction by the following Lemma 3 If there is a variant pair (x, y) with x ∈ R H (S), y ∈ U H (S), then H or H contains anti-twins or an even-pair or a star-cutset.
This completes the proof of the Theorem. In the remainder of this section, we shall prove Facts 4, 5 and Lemmata 1, 2, 3.
The following fact is needed to establish our results.
Fact 6
Let k be an integer at least 6. Consider a P k v 1 . . . v k and a vertex x outside the P k . If the pair (x, v i ) is variant for some i then we have xv i−1 , xv i+1 ∈ E(G) ∪ E(H), and xv j ∈ E(G) ∩ E(H) for any j ∈ {i − 1, i, i + 1} (whenever v i−1 , v i+1 are defined.) In particular, there is a vertex v r such that xv r ∈ E(H) ∩ E(G).
Proof of Fact 6. Suppose first that (x, v i ) is variant and xv i ∈ E(H) (thus xv i ∈ E(G).) Since H[x, v i , v i+1 ] is pertinent, we must have xv i+1 ∈ E(G), and by symmetry xv i−1 ∈ E(G). For any r ∈ {i + 2, i + 3, . . . , k}, G[x, v i , v r ] is pertinent, therefore we must have xv r ∈ E(H). Similarly, for any r ∈ {i − 2, i − 3, . . . , 1}, G[x, v i , v r ] is pertinent, therefore we must have xv r ∈ E(H). Let Q be the path induced by {v i+2 , v i+3 , . . . , v k }. If Q has at least two vertices then in H, x form an impertinent (not pertinent) set with any two consecutive vertices of Q, and so we have xv r ∈ E(G) for any v r ∈ Q. If Q has just one vertex then since k ≥ 6, v i−1 is defined; and so we must have xv i+2 ∈ E(G) because H[x, v i−1 , v i+2 ] is pertinent. By symmetry, we can see that in G, x sees every vertex in {v i−2 , v i−3 , . . . , v 1 }. If 1 < i < k then since G[x, v i−1 , v i+1 ] is impertinent, we have xv i−1 , xv i+1 ∈ E(H). If k = i then the P 3 xv i−2 v i−1 of G implies that xv i−1 ∈ E(H). If i = 1 then the P 3 xv i+2 v i+1 of G implies that xv i+1 ∈ E(H). Thus the Fact holds when xv i ∈ E(H).
By interchanging G and H, we see that the Fact holds whenever (x, v i ) is variant and xv i ∈ E(H). 2
We shall say that a set is bad if it is pertinent in H but not in G, or vice versa.
Proof of Fact 4. Let x ∈ P H (S), y ∈ U H (S). By Facts 1 and 6, there is a vertex z ∈ S such that xz, yz ∈ E(H) ∩ E(G). Thus, if (x, y) is variant then the set {x, y, z} is bad. 2
Proof of Fact 5. Let x ∈ P H (S), y ∈ R H (S). By Facts 1 and 6, there is a vertex z ∈ S such that xz, yz ∈ E(H) ∪ E(G). Thus, if (x, y) is variant then the set {x, y, z} is bad. 2
To prove Lemma 1, we shall need the following Lemma 4 Let X be a set of vertices such that H[X] induces the P 4 x 1 x 2 x 3 x 4 and G[X] induces the P 4 x 2 x 1 x 3 x 4 . Then {x 1 , x 2 } is an even-pair in H.
Proof of Lemma 4. Suppose in H there is an odd induced path P whose endpoints are x 1 , x 2 . We claim that P has length three. (6) Suppose that P has length at least five. Since x 1 x 2 ∈ E(G), by Observation 4 G[P ] is also a chordless path. Since (x 3 , x 1 ) is a variant pair, by Fact 6 we have x 3 x 2 ∈ E(H) ∩ E(G) which is clearly a contradiction.
Thus, P has length three. We claim that
Suppose that x 3 ∈ P . Then H[P ] is a P 4 of the form x 3 x 2 x 1 b for some vertex b. By Observation 1, G[P ] must be a P 4 or a C 4 since G[P ] cannot be a C 4 . Therefore, we have
is pertinent, we have bx 4 ∈ E(H). But now P and b induce a C 5 in H, a contradiction. Thus (7) holds. Now, we know that H[P ] is a P 4 of the form bx 2 x 1 a for some vertices a, b different from x 3 , x 4 . We claim that 
] is pertinent, we have bx 4 ∈ E(H). The P 3 bx 4 x 3 of H implies that bx 4 ∈ E(G). But now the P 3 x 4 bx 2 of H is bad. 2
Proof of Lemma 1. Suppose there is a variant pair (x, y) with x ∈ P H (S) and y ∈ S. Write y = v i for some i. By reordering the vertices of S if necessary, we may assume that k ≥ i+2. Note that by Fact 6, we have xv i+1 ∈ E(H) ∪ E(G) and xv i+2 ∈ E(H) ∩ E(G).
We shall show that Claim 1 if xy ∈ E(H) then H contains anti-twins, or H contains an even pair.
Proof of Claim 1. Suppose that xy ∈ E(H). If x, y are anti-twins in H then we are done. Thus we may assume that there is a vertex z that sees or misses both of x, y in H. Suppose that z misses both x and y(
] is pertinent, we have zv i+1 ∈ E(H). But since (z, v i ) is variant, we should have zv i+1 ∈ E(H) by Fact 6, a contradiciton. Now, we may assume that z sees both of x and y(= v i ) in H. Suppose that zv i+1 ∈ E(H). Then we have zv i+2 ∈ E(H) for otherwise
. Thus by Lemma 4, H contains an even-pair. Now, we may assume that zv i+1 ∈ E(H). We have zv i+2 ∈ E(H), for otherwise By Claim 1, we may assume that xy ∈ E(H) (and xy ∈ E(G)). (Recall that y = v i for some i.) If x, v i are anti-twins of H then we are done. Thus we may assume that there is a vertex z that sees or misses both x, v i in H.
Suppose that z sees both x, v i in H. Since H[x, z, v i ] is impertinent and xv i ∈ E(G), we have zx, zv i ∈ E(G). Since H[z, x, v i+1 ] is pertinent, we have zv i+1 ∈ E(G). But since (z, v i ) is variant, we should have zv i+1 ∈ E(G) by Fact 6, a contradiction. So, we know that z misses both x, v i in H. If zv i ∈ E(G) then by Fact 1 we have z ∈ P H (S) and we are done by Claim 1. Thus we have zv i ∈ E(G).
is the P 4 xv i+1 zv i+2 . In both cases, we are done by Lemma 4. 2 Proof of Lemma 2. Suppose there is a variant pair (x, y) with x, y ∈ P H (S). It is easy to see that there is no u such that ux, uy ∈ E(H) ∩ E(G) or ux, uy ∈ E(H) ∪ E(G).
If such a vertex u exists then the set {u, x, y} is bad. We shall keep in mind that Lemma 1 and Fact 1 hold. We shall need the following Claim 2 Suppose there is a variant pair (x, y) with x, y ∈ P H (S) and xy ∈ E(H). Then H or H contains anti-twins or an even-pair.
Proof of Claim 2. Consider a variant pair (x, y) with x, y ∈ P H (S) and xy ∈ E(H). There is a vertex z that sees or misses both of x, y in H, for otherwise x, y are anti-twins.
Suppose that z misses both of x, y in H. It follows that zx, zy ∈ E(G), for otherwise the set {x, y, z} is bad. Let v i be a vertex in S with xv i ∈ E(G) ∩ E(H). By (9), we have yv i , zv i ∈ E(G) ∪ E(H) since the pairs (x, y) and (x, z) are variant. But now the set {y, z, v i } is bad.
Thus we know that z must see both x, y in H. Let v i (respectively, v j ) be a vertex in S with xv i ∈ E(G) ∩ E(H) (respectively, yv j ∈ E(G) ∩ E(H)). By (9), we have xv j , yv i ∈ E(G) ∪ E(H). We shall show that
Suppose that zv j ∈ E(H) (and therefore zv j ∈ E(G).) If yz ∈ E(G) then we must have xz ∈ E(G) (for otherwise the set {x, y, z} is bad); but then the set {x, z, v j } is bad. So we must have yz ∈ E(G). Since H[x, z, v j ] is pertinent, we have xz ∈ E(G). Let X = {v j , y, z, x}. Then H[X] is the P 4 xzyv j and G[X] is the P 4 zxyv j ; thus we are done by Lemma 4. We have established (10) .
By symmetry, we can see that
Now, the triangles H[z, x, v i ] and H[z, y, v j ] imply that xz, yz ∈ E(G). But then the set {x, y, z} is bad. 2
We continue the proof of Lemma 2. By Claim 2, we may assume that xy ∈ E(H) (and xy ∈ E(G)). There is a vertex z that sees or misses both of x, y in H, for otherwise x, y are anti-twins.
Suppose that z misses both of x, y in H. If z ∈ R H (S) ∪ U H (S) ∪ S then we have zx, zy ∈ E(G) by Facts 4 and 5; if z ∈ P H (S) then we also have zx, zy ∈ E(G), for otherwise we are done by Claim 2. But now the set {x, y, z} is bad.
Thus, we may assume that z sees both of x, y in H. Since H[x, y, z] is impertinent, it follows that zx, zy ∈ E(G). Let v i be a vertex in S with xv i ∈ E(H) ∩ E(G). By (9), we have yv i , zv i ∈ E(H) ∪ E(G) since the pairs (x, y) and (x, z) are variant. But now the set {y, z, v i } is bad. 2
Proof of Lemma 3. Consider a variant pair (x, y) with x ∈ R H (S), y ∈ U H (S). We shall first prove the following xy ∈ E(G). There is a vertex z that sees or misses both x, y in H, for otherwise x, y are anti-twins. Since z ∈ S, we have z ∈ R H (S) or z ∈ P H (S) ∪ U H (S).
Suppose that z sees both x, y in H. Since H[x, y, z] is impertinent, we have zx, zy ∈ E(G). If z ∈ R H (S) then the variant pair (z, x) contradicts Fact 3. If z ∈ P H (S) ∪ U H (S) then the variant pair (z, y) contradicts Facts 2, and 4.
Thus we may assume that z misses both x, y in H. If z ∈ R H (S) then by Fact 3, we have xz ∈ E(G); since H[z, x, y] is pertinent, we have zy ∈ E(G); but now the variant pair (z, y) contradicts Claim 3. If z ∈ P H (S) ∪ U H (S) then by Facts 2, and 4, we have yz ∈ E(G); since H[z, x, y] is pertinent, we have zx ∈ E(G); but now the variant pair (x, z) contradicts Claim 3 or Fact 5. 2
Proof of Corollary 3. Let F = {L, L} for some graph L and suppose that a graph H is perfect if and only if it has the F-structure of some perfect graph G. Let |L| denote the number of vertices of L.
If |L| > 5 then a perfect H = K 5 would have the {L, L}-structure of an imperfect C 5 , a contradiction.
, would have the {L, L}-structure of an imperfect C 5 . If L = C 5 then a perfect K 7 would have the {L, L}-structure of an imperfect C 7 . In both cases, we have a contradiction.
Suppose that |L| = 4. If L = P 4 then we are done by Reed's theorem. We may assume that L = P 4 . Note that every four-vertex induced subgraph of the C 5 is the P 4 . If L = K 4 then the perfect H = K 5 would have the {L, L}-structure of the imperfect G = C 5 ; if L = K 4 then the perfect H = P 5 would have the {L, L}-structure of the imperfect G = C 5 . In both cases, we have a contradiction.
Suppose that |L| = 3. There are exactly four non-isomorphic graphs on three vertices: K 3 , K 3 , P 3 , P 3 . Thus, we are clearly done by Theorems 1 and 2.
Since it is obvious that we cannot have |L| < 3, the proof is completed. 2
